IRREDUCIBLE REPRESENTATIONS OF C*-CROSSED 
PRODUCTS BY FINITE GROUPS 
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Abstract. We describe the structure of the irreducible represen- 
tations of crossed products of unital C*-algebras by actions of finite 
groups in terms of irreducible representations of the C*-algebras 
on which the groups act. We then apply this description to derive a 
characterization of irreducible representations of crossed-products 
by finite cyclic groups in terms of representations of the C*-algebra 
and its fixed point subalgebra. These results are applied to crossed- 
products by the permutation group on three elements and illus- 
trated by various examples. 



1. Introduction 

What is the structure of irreducible representations of C*-crossed- 
products A x Q G of an action a of a finite group G on a unital C*- 
algebra A? Actions by finite groups provide interesting examples, such 
as quantum spheres [TJ E] and actions on the free group C*-algebras 
[3], among many examples, and have interesting general properties, as 
those found for instance in [9]. Thus, understanding the irreducible 
representations of their crossed-products is a natural inquiry, which we 
undertake in this paper. 

After we wrote this paper, we are shown [TT] where Takesaki provides 
in a detailed description of the irreducible representations of A x G 
when G is a locally group acting on a type I C*-algebra A and the 
action is assumed smooth, as defined in [ITJ Section 6]. Our paper 
takes a different road, though with some important intersections we 
were not aware of originally. Both our paper and [TT] make use of the 
Mackey machinery and the structure of the commutant of the image of 
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irreducible representations of the crossed-products. However, since our 
C*-algebras are not assumed to be type I, and in general the restriction 
of an irreducible representation of A x G to A does not lead to an 
irreducible representation of A, we need a different approach than [TT] . 
The main tool we use for this purpose is the impressive result proven 
in [7] that for ergodic actions of compact groups on unital C*-algebras, 
spectral subspaces are finite dimensional. As a consequence, we can 
analyze irreducible representations of finite group crossed-products on 
arbitrary unital C*-algebras with no condition on the action of the 
group on the spectrum of the C*-algebra. More formally, we restrict 
the assumption on the group and relax it completely on the C*-algebra 
and the action compared to [HI Theorem 7.2]. 

Our research on this topic was initiated in a paper of Choi and the 
second author [I] in the case where G = Z2, i.e. for the action of an 
order two automorphism a on a C*-algebra A. In this situation, all 
irreducible representations of A x CT Z 2 are either minimal, in the sense 
that their restriction to A is already irreducible, or are regular, i.e. in- 
duced by a single irreducible representation tc of A such that n and no a 
are not equivalent. In this paper, we shall answer the question raised 
at the beginning of this introduction for any finite group G. Thus, we 
suppose given any action a of G on a unital C*-algebra A. In this 
general situation, we show that for any irreducible representation II of 
A x Q G on some Hilbert space H, the group G acts ergodically on the 
commutant n(v4)' of 11(74), and thus, by a theorem of Hoegh-Krohn, 
Landstad and Stormer [7J, we prove that n(v4)' is finite dimensional. 
We can thus deduce that there is a subgroup H of G such that II is 
constructed from an irreducible representation \I/ of A x a H, with the 
additional property that the restriction of \1/ to A is the direct sum of 
finitely many representations all equivalent to an irreducible represen- 
tation 7r of A. In addition, the group H is exactly the group of elements 
h in G such that it and 7ro« h are equivalent. The canonical unitaries 
of A x a G are mapped by IT to generalized permutation operators for 
some decomposition of "H. This main result is the matter of the third 
section of this paper. 

When G is a finite cyclic group, then we show that the representation 
\1/ is in fact minimal and obtain a full characterization of irreducible 
representations of A x\ a G. This result can not be extended to more 
generic finite groups, as we illustrate with some examples. In addition, 
the fixed point C*-subalgebra of A for a plays a very interesting role 
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in the description of minimal representations when G is cyclic. We 
investigate the finite cyclic case in the fourth section of this paper. 

We then apply our work to the case where G is the permutation group 
6 3 on three elements {1, 2, 3}. It is possible again to fully describe all 
irreducible representations of any crossed-product A x a & 3 , and we 
illustrate all the cases we can encounter by examples. This matter is 
discussed in the last section of this paper. 

We start our paper with a section on generalities on crossed-products 
of C*-algebras by finite groups, including a result on a character- 
ization of irreducible regular representations. This section also al- 
lows us to set some of our notations. We now fix some other nota- 
tions which we will use recurrently in this paper. Given a Hilbert 
space H which we decompose as a direct sum H — Hi © . . . © H m of 
Hilbert subspaces, we shall write an operator T on H as an m x m 
matrix whose (i, j)-entry is the operator PiTpj where Pi, ■ ■ ■ ,p m are 
the orthogonal projections from H onto respectively Hi, . . . ,H m . If 
ti, . . . ,t m are operators on, respectively, Hi, ... , Hm, then the diago- 
nal operator with entries ti, . . . ,t m will be denoted by ti © ... © t m , i.e. 

®T=it 3 (£1, • • • , O = • • • , tmZJ for a11 (£i> • • • > ti) e Hi © . . . © 

H m . If n 1, . . . , 7r m are representations of some C*-algebra A acting re- 
spectively on Hi, . . . , H m , then the representation tti © . . . ©7r m of A on 
"H is defined by (tti © ... © 7r m ) (a) = 7Ti(a) © . . . ©7r m (a) for all a <E A. 
The identity operator of H will be denoted by 1% or simply 1 when no 
confusion may occur. More generally, when an operator t on a Hilbert 
space H is a scalar multiple Al^ (A G C) of the identity of H we shall 
simply denote it by A and omit the symbol 1^ when appropriate. 

We shall denote by f\E the restriction of any function / : E — > F 
to a subset E of E. The set T is the unitary group of C, i.e. the set 
of complex numbers of modulus 1. 

2. Crossed-Product By Finite Groups 

In this paper, we let A be a unital C*-algebra and a an action on 
A of a finite group G by *-automorphisms. A covariant representation 
of (A, a, G) on a unital C*-algebra B is a pair (n, V) where ix is a *- 
homomorphism from A into -B and V is a group homomorphism from 
G into the unitary group of B such that for all g e G and a £ A 
we have V(<7)7r(a)V (g -1 ) = 7roo; 9 (a). The crossed-product C*-algebra 
A y\ a G is the universal C*-algebra among all the C*-algebras generated 
by some covariant representation of (A,a,G). In particular, A x a G 
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is generated by a copy of A and unitaries U 9 for g G G such that 
jjgh = jjgjjh^ ua -i = (jjgy and Tjgaijg- 1 = f or a n g^heG and 

a G A. The construction of A x Q G can be found in [5] and is due 
originally to [12] . 



By universality, crossed-products by finite groups have a very simple 
form which we now describe. 

Proposition 2.1. Let G be a finite group of order n and write G = 
{g , . . . , g n -\} with g the neutral element of G. Let a be the embedding 
of G in the permutation group of {0, . . . , n — 1} given by o~ g (i) = j if 
and only if gg% = gj for all i,j e {0, ...,n — 1} and g G G. We 
now define V g to be the matrix in M n (A) whose entry is given 

by 1a if o~ g (i) = j and otherwise, i.e. the tensor product of the 
permutation matrix for o g and lj^ n (A). Let if) : A — > M n (A) be the 
*-monomorphism: 



ip : a E A 



a gi {a) 



Then A x a G is ^-isomorphic to (BgeG^iA^g. In particular: 

Q)AU 9 = A x Q G. 

geG 

Proof. The embedding of G into permutations of G is of course the 
standard Cayley Theorem. We simply fix our notations more precisely 
so as to properly define our embedding if). A change of indexing of 
G simply correspond to a permutation of the elements in the diagonal 
of if> and we shall work modulo this observation in this proof. For 
b G M n (A) we denote by its (i, i')-entry for i, i' G {1, . . . , n}. 
An easy computation shows that: 

Vgif){a)V g -i = ifj (a g (a)) 

and VgVh = V g h for all g, h G G and a G A. Therefore, by universal- 
ity of A X a G, there exists a (unique) *-epimorphism r\ : A x Q G -» 
(BgeciPiAjVg such that r}\ A = if) and rj(U 9 ) = V g for g G G. Our goal is 
to prove that rj is a ^isomorphism. 

First, we show that (Bg^cAU 9 is closed in A x a G. 
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Let (a° m , ...,<, 1 ) m N in A n such that ( YSJo a L U9:i ) is a con " 

\ J / mGN 

vergent sequence in A x a G. Now: 



'n-l \ n-l 

O'=0 / 3=0 

By definition, we have a g (0) = i for all i G {0, . . . , n — 1}. Let 
j G {0,...,n-l}. Then = 1 A and V^ x>1 = for all i G 

{0, . . . , n - 1} \ {j}. Hence, (77 (^™ =1 a^U Bs )) i . +j = < for all m G 
N. Since 77 is continuous, and so is the canonical projection b G 
M n (A) — > &i,3+i G A we conclude that («4)meN converges in A. 
Let a- 7 G A be its limit. Then (a^, . . . , ajjj" 1 )^ converges in A n to 

(a ,..., a"" 1 ). Thus, (Y^lZi a L U9j ) converges to a j U 9 * G 

® geG AU 9 and thus © 9eG ^t/ 9 is closed in A x a G. Since ® geG AU 9 is 
dense in A xi a G by construction, we conclude that A xi a G = (BgecAU 9 . 

Now, we show that 77 is injective. Let c G A x a G such that 77(c) = 0. 
Then there exists oo, •••,a n -i £ ^4 such that c = £)^=o a jU 9j - Let 
j G {0, . . . , n — 1}. Then 77(c) = implies that 77(0)^+1,1 = % = for 
all j G {0, . . . , n — 1} and thus c = 0. So 77 is a ^isomorphism and our 
proof is concluded. □ 



As we will focus our attention on the crossed-products by finite cyclic 
groups in the fourth section of this paper and Proposition (12. ip is par- 
ticularly explicit in this case, we include the following corollary: 

Corollary 2.2. Let a be an automorphism of order n of a unital C*- 
algebra A. Then A X a Z n is ^-isomorphic to: 



CL\ 0-2 a 3 ' ' ' On 

a{a n ) a{a l ) a(a 2 ) a(a 3 ) 



<r(a n _i) <r 



<t 2 (o,i) 



o- n -\a 2 ) 



a n -\a 2 ) a"- 1 (a 3 ) ■•• a n -\a n ) a^K 

ai, . . . ,a n G A 



G M n (A) 
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where U l mapped to 



1 

; o ■-. 

: ■■- 1 

1 ■•■ 



and A is embedded diagonally 



as a G A i-)- 



(TO 



In particular, A x CT Z r> 



A© Af/ 1 ©... © AC/"" 1 . 

Proof. Simply write Z n = {0, . . . , n — 1} so that: 

1 " 



Vi 



; o '-. 

: '•• 1 

1 ••• 



The result is a direct computation of ®^ = lip(A) (Vi) k . 



□ 



We now turn our attention to the irreducible representations of A x a 
G. Proposition (12. ip suggests that we construct some representations 
from one representation of A and the left regular representation of 
G. Of particular interest is to decide when such representations are 
irreducible. We will use many times the following lemma [HI 2.3.4 p. 
30], whose proof is included for the reader's convenience: 

Lemma 2.3 (Schur). Let tti and tt 2 be two irreducible representations 
of a C*-algebra A acting respectively on Hilbert spaces ~H.\ and Hi- 
Then 7Ti and 7r 2 are unitarily equivalent if and only if there exists a 
nonzero operator T : H2 — > %i such that for all a G A we have 
Tit\(a) = 7T 2 (a)T. Moreover, if there exists such a nonzero intertwining 
operator, then it is unique up to a nonzero scalar multiple. 

Proof. If 7i"i and 7r 2 are unitarily equivalent then there exists a unitary 
T such that for all a G A we have Tiri(a) = 7r 2 (a)T. In particular, 
T / 0. Moreover, assume that there exists T' such that TVi = 7r 2 T'. 
Then T*T'-k\ = T*7r 2 T' = Ti\T*T' ' . Hence since 71*1 is irreducible, there 
exists A G C such that T' = XT. 

Conversely, assume that there exists a nonzero operator T : H 2 — > 
Hi such that for all a G A we have: 



(2.1) 



Tni(a) = 7Y 2 (a)T. 
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Then for all a G A: 

T*T7Ti(a) = T*7T 2 (a)T. 

In particular T*T7ii(a*) = T*7T2(a*)T for all a G A. Applying the 
adjoint operation to this equality leads to 7ii(a)T*T = T*7r 2 (a)T and 
thus: 

T*Tvri(a) = 7ri(a)T*T. 

Since 7Ti is irreducible, there exists A G C such that T*T = Al^ 2 . Since 
T ^ we have A ^ 0. Up to replacing T by ^T where /i 2 = |A| and 
fiGKwe thus get T*T = 1% 2 . Thus T is an isometry. In particular, 
TT* is a nonzero projection. 

Similarly, we get 7r 2 (a)TT* = TT*7r 2 (a) and thus TT* is scalar as 
well. Hence TT* is the identity again (As the only nonzero scalar 
projection) and thus T is a unitary operator. Hence by ( 12. ip . iti and 
7r 2 are unitarily equivalent. □ 



Given a Hilbert space "H, the C*-algebra of all bounded linear oper- 
ators on % is denoted by B (H). 

Theorem 2.4. Let G be a finite group with neutral element e and a 
an action of G on a unital C*-algebra A. Let tc : A — >■ B {%) be a 
representation of A and let A be the left regular representation of G 
on ^{G). Let 5 g be the function in ^2 (GO which is 1 at g G G and 
otherwise. Define II : A x Q G ->• B (£ 2 (G) <8> H) by 

n (a) (5 g <8> £) = <5 5 <g) 7r (a ff -i (a)) £, and 

nfo) = a(^)®i«. 

Then II is irreducible if and only if 11 is irreducible and ir is not unitarily 
equivalent to it o a g for any g G G\ {e}. 

Proof. Assume now that tc is irreducible and not unitarily equivalent to 
n o a g whenever g G G\ {e}. Suppose that n is reducible. Then there 
exists a non-scalar operator Q in the commutant of n (A x a G). Now, 
we observe that the commutant of {A (g) ®l% '■ 9 G G} is p {G)®B (H), 
where p is the right regular representation of G. Hence, there exist an 
operator T g on % for all g G G such that Q = J2 g eG P (flO ® ^s- For 
every £ G ~H and a G A, we have 

(^p(^)(8)T 9 )n(a)(5o®e) = (X)^^)® T ff) (<*o®7r(a)£) 

9 GG 



cS 
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and 

n(o)(2>(^®TJ(* ®0 = U(a)(j2 6 ^ T ^) 

VgeG J \g€G J 

geG 

Therefore, for every g G G and for all a G A: 
(2.2) n(a g -i(a))T g = T 9 7r(a). 

Since Q is non scalar, there exists go G G\{e} such that T go ^ 0. By 
Lemma (12.31) . Equality (12. 2p for g Q implies that tt and tt o a go , which 
are irreducible, are also unitarily equivalent since T go ^ 0. This is a 
contradiction. So II is irreducible. 

We now show the converse. First, note that if tt is reducible then 
there exists a projection p on H which is neither or 1 such that p 
commutes with the range of 7r. It is then immediate that l®p commutes 
with the range of II and thus II is reducible. 

Assume now that there exists g G G\ {e} such that tt and tt o a g are 
unitarily equivalent. Then there exists a unitary V such that for every 
a G A: 

tt (a) = Vir (a g (a)) V*. 

Let us show that p (g) ® V is in the commutant of II (A x Q G) . We 
only need to check that it commutes with II (a) for a G A. 

(p(g)®V)Tl(a)(5 h ®0 = 5 hg <g> Vtt (a h -i (a)) £, and 
U(a)(p(g)®V)(5 h ®0 = 5 hg ® vr (a r ia k -i (a)) V£. 

Since V"7r (a^-i (a)) = 7T (a r ia^-i (a)) V, we conclude that the two 
quantities are equal, and that II is reducible. 

Hence, if II is irreducible, then tt is irreducible and not equivalent to 
tt o a g for any g G G\ {e}. □ 



Theorem (12.41) provides us with a possible family of irreducible rep- 
resentations of the crossed-product. The representations given in The- 
orem (12.41) are called regular representations of A x a G, whether or not 
they are irreducible. 

However, we shall see that there are many irreducible representations 
of A xi a G which are not regular. Easy examples are provided by 
actions of finite cyclic groups by inner automorphisms on full matrix 
algebras, where the identity representation is in fact the only irreducible 
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representation of the crossed-product. More generally, the conditions 
that 7r is irreducible and tc o a g are not equivalent for g G G\{e} are 
not necessary. These observations will be placed into a more general 
context as we now address the question raised at the start of this paper 
in the next section. 

3. Actions of Finite Groups 

This section is concerned with establishing results describing the irre- 
ducible representations of crossed-products by finite groups. The main 
tool for our study is to understand such actions from the perspective 
of the spectrum of the C*-algebra. In this paper, the spectrum A of 
a C*-algebra A is the set of unitary equivalence classes of irreducible 
representations of A. 

We start by two simple observations. Let a be the action of a finite 
group G on some unital C*-algebra A. Let 7Ti and ir 2 be two equivalent 
irreducible representations of A, so that there exists a unitary u such 
that uttiu* = 7T2. Then trivially u (tti oa g -i)u* = iT2 ° ot g -i for all 
g G G. Moreover, n\ o a g -i has the same range as 7Ti and thus is 
irreducible as well. These two remarks show that for all g G G there 
exists a map oT g of G on A defined by mapping the class of an irreducible 
representation it of A to the class of no a g -i. Since (n o a g ~i) o a^-i = 
7r o a, hg \-i, we have o a g = cih g , and trivially a e is the identity on 

A. Thus a is an action of G on A. 

Given a representation II of the crossed-product A x a G, we define 
the support of II as the subset S of A of all classes of irreducible 
representations of A weakly contained in n^. Our main interest are 
in the support of irreducible representations of A x a G which we now 
prove are always finite. 

3.1. Finiteness of irreducible supports. Let G be a finite group 
of neutral element e. Let G be the dual of G i.e. the set of unitary 
equivalence classes of irreducible representations of G. By 0, 15.4.1, p. 
291], the cardinal of G is given by the number of conjugacy classes of G, 
so G is a finite set. Let p G G and A be any irreducible representation 
of G of class p acting on a Hilbert space "H. Then A is the (irreducible) 
representation g G G \(g) acting on the conjugate Hilbert space H 
[6, 13.1.5, p. 250]. We define p as the class of representations unitarily 
equivalent to A. 

Let B be a unital C*-algebra and a an action of G on B by *- 
automorphisms. We now recall from [7] the definition and elementary 
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properties of the spectral subspaces of B for the action a of G. Let p G 
G. The character of p is denoted by x P - All irreducible representations 

of G whose class in G is p act on vector spaces of the same dimension 
which we denote by dim p. We recall from [6, 15.3.3, p. 287] that for 
any p, p' G G we have: 

X p (e) = dimp 

and: 



x P * x P '(g) = ^2x P (h)x P >(gh l ) = { lA ,_ d 



(dimp) l x P (g) if P = p'- 



The spectral subspace of B for a associated to p G G is the space 
Bp defined by: 

i.e. the range of the Banach space operator on B defined by: 

(3-1) Pp:beB^ ^^J2xp(9)a g (b). 

1 1 geG 

In particular, the spectral subspace associated to the trivial represen- 
tation is the fixed point C*-subalgebra B\ of B for the action a of G. 
Now, we have: 

dim (p) dim (p') v-^ 
P P {PM) = J } J ' Yl Xp(g)Xy(h)a gh (a) 

' ' ' ' geGheG 



di ^ )di " ( l p,) E(E^- 1 )M"))^M 

if p^p' 



IGI IGI 

11 11 geG \heG 

( '" > " ) I ^GyY, g( ,GX T (g)u g (a) if p = p'. 

Hence P p 2 = P p so P p is a Banach space projection and P p P p ' = for 
all p' 7^ p so these projections are pairwise orthogonal. 
Moreover, for any g,h G G, from [6l 15.4.2 (2) p. 292]: 

(3.3) Y Xp(g)Uh) = { ^ ii9is COI f gated with h > 

10 otherwise. 

peG 

where for g G G the quantity C(g) is the number of elements in G 
conjugated to g. In particular, note that since g G G\ {e} is not 
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conjugated to e, we have by Equality (13. 3 j) that: 

(3-4) ^2xp(g)dimp = ^2x P (g)Xp(e) = 0- 

peS p&G 

Furthermore, because each irreducible representation p of G appears 
with multiplicity dim p in the left regular representation of G one can 
show [6, 15.4.1, p. 291] that: 

(3.5) ^(dimp) 2 = \G\. 

pad 

Hence for all b e B: 

dim (p) 



5>m = E^E^faHW 

peG peg 



a fl (6) 




^dim(p) x(e) a e (6) by Equality (jS3D 



pgg 



(3.6) 



— Y dim(p) 2 J b = b by Equality fl33|) . 

pgg / 



Hence ^ pg g-P P = Ids. Thus by (13.21) and (13. 6p we have: 
(3.7) B = 0S, 

pGG 

We now establish that the restriction of any irreducible representa- 
tion of a crossed-product of some unital C*-algebra A by G is the direct 
sum of finitely many irreducible representations of A. 

Theorem 3.1. Let G be a finite group and A a unital C*-algebra. Let 
a be an action of G by *- automorphism on A. Let U be an irreducible 
representation of A xi a G on some Hilbert space H. We denote by U 9 
the canonical unitary in A X a G corresponding to g G G. Then: 

• The action g i— > AdU(U g ) on B (7i) leaves the commutant 
n (A)' of H(A) invariant, and thus defines an action (3 of G 
onU(A)', 

• The action (3 is ergodic on II (A) , 

• The Von Neumann algebra U (A) is finite dimensional, 
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• The representation IIu of A is equivalent to the direct sum of 
finitely many irreducible representations of A. 



Proof. Let Wl = U(A)'. Denote U& = U(U 9 ) for all g E G. Let T E Wl. 
Let a E A and g E G. Then: 



= U^TU(a g -^a))U^ 

= U&IL(a g -i(a))TUg 

= U^U^U(a)U^TU^ 

= U(a)U^TU^*. 



Hence U^TU^ G Wl for all g G G and T G Wl. Define fl (T) = £/gTC/£* 
for all g G G and T G 971. Then g G G i— )■ f3 g is an action of G on 971. 

Let now T E Wl such that j3 g (T) = T for all g E G. Then T 
commutes with for all g E G. Moreover by definition of Wl, the 
operator T commutes with n(A). Hence T commutes with n which is 
irreducible, so T is scalar. Hence (3 is ergodic. 

Let p be an irreducible representation of G (since G is finite, p is 
finite dimensional). By [7J Proposition 2.1], the spectral subspace Wl p 
of Wl for f3 associated to p is finite dimensional. Since Wl = ® pe QWl p 

by Equality (13 .TP and since G is finite by P, 15.4.1, p. 291] we conclude 
that Wl is finite dimensional. 

Denote H\a by n^. Let pi, . . . ,pk be projections in 9Jt, all minimal 
and such that Y^i=i Pi = 1- Let z G {1, . . . , k}. Then by definition of Wl, 
the projection p 4 commutes with it a- Hence PiK aP% is a representation 
of A. Let q be a projection oip{H such that p^ commutes with Pi%APi- 
Then q < Pi and g G 9JT, so g G {0,pj} since p, is minimal. Hence 
PxKAPi is an irreducible representation of A. Therefore: 



Hence 7Tyi is the direct sum of finitely many irreducible representations 




k 




8=1 



of A. 



□ 



3.2. Minimality of the irreducible supports. The following is our 
key observation which will drive the proofs in this section: 
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Observation 3.2. Let H be an irreducible representation of A>i a G 
and let tta = IIu. Then for each g G G the representations tca and 
tta ° otg are unitarily equivalent. Hence, the decompositions in direct 
sums of irreducible representations of A for it a and it a ° ct g are the 
same. 

This observation is the basis of the next lemma, which is instrumental 
in the proof of the theorem to follow. 

Lemma 3.3. Let a be an action of a finite group G on a unital C*- 
algebra A. Let U be an irreducible representation of A xi a G and let it a 
be the restriction ofU to A. Then there exists a finite subset £ of the 
spectrum A of A such that all irreducible subrepresentations of tta are 
in £. Moreover, all the elements of '£ in a given orbit for a have the 
same multiplicity in it a- 

Proof. Let £ be the subset of the spectrum A of A consisting of all 
classes of irreducible representations weakly contained in tta- By The- 
orem (13. ip . since IT is irreducible, tia is a finite direct sum of irreducible 
representations of A so £ is nonempty and finite. 

Let g G G. Now, by Observation (13.21) . since it a ° ot g -i is unitarily 
equivalent to it a, its decomposition in irreducible representations is the 
same as the one for n A . Thus, if r\ G £ then a g (rj) G £. Since a g is 
a bijection on A and thus is injective, and since £ is finite, a g is a 
permutation of £. 

Let £q, be the orbit of cp G £ under a and write n A = K\ © . . . © 7r fc 
using Theorem (13. ip . where 7Tl, . . . ,7T& are irreducible representations 
of A, with the class of Ti\ being (p. Now, for g G G, let n lj9 , . . . , n m (g) ; g 
be the integers between 1 and k such that n ni is equivalent to 7Ti o 
a.g. In particular, m(g) is the multiplicity of 7Ti o a g in tta- Then 

^7r ni e © ... © vr„ m(1) e J o a g must be the subrepresentation 7r nijB © ... © 

7r„ m , . g of it a- So m((yf) = m(e) by uniqueness of the decomposition. 
Hence for all g the multiplicity of dt g ((p) is the same as the multiplicity 
olip. □ 

We now establish the main theorem of this paper, describing the 
structure of irreducible representations of crossed-products by finite 
groups. A unitary projective representation of G is a map A from 
G into the group of unitaries on some Hilbert space such that there 
exists a complex valued 2-cocycle a on G satisfying for all g, h G G the 
identity A gh = a(g, h)A g A h . 
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Theorem 3.4. Let G be a finite group and a be an action of G on 
a unital C*-algebra A by *- automorphisms. Let II be an irreducible 
representation of Ax a G on some Hilbert space H. Then there exists 
a subgroup H of G and a representation n of A on some Hilbert space 
J such that, up to conjugating II by some fixed unitary, and denoting 
the index of H in G by to = G : H we have the following: 

For any subset {gi, . . . ,g m } of G such that gi is the neutral element 
of G and Hgj D Hgi = {g{\ for i ^ j while G = {J™ =1 Hgj, we have: 



'1) The representations n 



o a 



9, 



and 7r 



o a 



9j 



are disjoint for i,j G 



{1, . . . , to} and % ^ j (so in particular, they are not unitarily 
equivalent) , 

(2) There exists an irreducible representation ir 1 of A on a Hilbert 
subspace Hi of J and some integer r such that J — C r <S> Hi 
and it = Iqt ® 7r 1; 

(3) For any h G H there exists a unitary V h on T-Li such that 
V h i\\ (V h ) = 7Ti o ah, and h G H >->■ V h is a unitary projective 
representation of H on Hi, 

(4) We have H = J 9l © ... © J 9m where for all i = 1, . . . , to the 
space J g . is an isometric copy of J , 

(5) In this decomposition of H we have for all a G A that: 



(3.8) 



n(a) 



7r(a) 



it o a 92 (a) 



tt o a 



9 m 



(a) 



(6) In this same decomposition, for every g there exists a permu- 
tation a 9 of {1, ... , to} and unitaries Uf : J 9i — > Ja9( gi ) such 
that: 

U(U 9 ) 

where 5 is the Kronecker symbol: 



jj9 S fU) 



1,3 = 



(3.9) 



1 





ifa = b, 
otherwise. 



Moreover: 



H = {geG:a 9 (l) = l}. 

(7) The representation ^ of A xi a H on J defined by ^(a) = 7r(a) 
for all a £ A and ^/(U h ) = for h G H is irreducible. 
Moreover, there exists an irreducible unitary projective repre- 
sentation A of G on C r such that on J = C r © Hi, while 
q?(a) = l C r © iri(a), we also have ty(U h ) = = A h © V h . 



FINITE GROUP CROSSED-PRODUCTS 



15 



Proof. Let II be an irreducible representation of A x a G. Denote 
by 7i a- By Theorem ( 13. II) . there exists a nonzero natural integer k 
and irreducible representations Tii, . . . ,7i k of A, acting respectively on 
Hilbert spaces Hi, . . . , Hk such that up to a unitary conjugation of II, 
we have H = Hi © ... © Hk and in this decomposition, for all a G A: 

7Ti(a) 

vr 2 (a) 

7Tfc(a) . 

At this stage, the indexing of the irreducible subrepresentations of 
ix a is only defined up to a permutation of {1, . . . , k}. We start our 
proof by making a careful choice of such an indexing. To do so, first 
choose 7i"i arbitrarily among all irreducible subrepresentations of tt a- 
Our next step is to set: 

H = {g G G : tx\ o a g is equivalent to 7Ti} . 

We now show that if is a subgroup of G. For all h G H we denote by V h 
the (unique, up to a scalar multiple) unitary such that V h i\\ (V h ) = 
Tii o ah- Then if g, h G H we have: 

TTlOttgh-l = (^l ° Oig) O = V 9 (tCi O Ct^-l) 

= V 9 V h ~\ 1 V h V 9 ~ 1 

so 7Ti o OLgh-\ is unitarily equivalent to t\\ and thus g/i -1 G H by defini- 
tion. Since H trivially contains the neutral element of G, we conclude 
that if is a subgroup of G. 

Let {gi, . . . ,g m } a family of right coset representatives such that g\ 
is the neutral element of G [10, p. 10], i.e. such that for i ^ j we have 
HgjHHgi = {g±} while G = U™ =1 Hgj. In particular, for i G {2, . . . , m} 
we have g\ ^ gi and by definition of H this implies that i\\ o a g . is not 
equivalent to Ti\. 

Then let 7r 2 , . . . , 7r ni be all the representations equivalent to tti- We 
then choose 7r„ 1+1 to be a subrepresentation of 7^ equivalent to 7T! o 
a 9l . Again, we let 7r ni+ i, . . . , 7r„ 2 be all the representations which are 
equivalent to 7r ni+ i. More generally, we let 7r n . + i, . . . , TT nj+1 be all the 
subrepresentations of it a equivalent to Ti\ o a 9] for all j G {1, . . . ,m}. 
All other irreducible subrepresentations of tta left, if any, are indexed 
from n m + 1 to k and we denote their direct sum by A. 

Note that A contains no subrepresentation equivalent to any repre- 
sentation 71"! o a g for any g G G. Indeed, if g G G then there exists 



tta{o) = 
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h G H and a unique j G {1, . . . , m} such that g = hgj. Thus: 

7ri o a s = tti o a/, o a 9j = ^ (^i o a g J 

and thus 7Ti o a 9 is equivalent to one of the representations ttx, . . . , 7r„ m 
by construction. Also note that if 7Ti o ct 5i is equivalent to 7Ti o q; s 
then <?j<?j _1 G if which contradicts our choice of {gi, . . . , g m } unless 
i = j. Hence, for % ^ j the representations n 1 o a g . and 7Ti o a ft are not 
equivalent. 

Now, if ip x , . . . ,<f m represent the unitary-equivalence classes of the 
representations 7Ti, 7Ti o a gi , . . . , tt\ o a 9m then Si = {ip 1 , . . . , <y2 m } is the 
orbit of (p x for the action a of G on A. Therefore, there exists r > 1 
such that n 3 - = jr + 1 for all j — 1, . . . , m by Lemma (13.31) . i.e. all the 



representations 7i"i o a s 



, m) have multiplicity r in tta- 



Thus, (up to equivalence on II) and writing TL 
decomposition: 

(3.10) 71 A = 



{Hi and in this 



7Ti © . . . © 7T r © 7T r+ i © . . . © 7T 2r 

V V ' > v ' 

each equivalent to 7ri each equivalent to 7rioa 9 



7T 



rar 



Ttmr+1 ffi • • • ffi 7Tfe 



A 



7Tl 



© 7Tn m © A- 



disjoint from A. 

Let g G G. Still in the decomposition "H 
choice of indexing, let us write: 



11 (U 9 



Hi 



Hk with our 





9 9 
a ll a 12 ' ' ' 






- u 9 - 

— u n — 


9 9 
a 21 a 22 


a 9 






9 9 
- fl fc2 


a lk - 




from 7-Lj to Hi with i, j 


= 1,.. 


,k 



Since [/^"^(a) = 71-^(0^ (a)) [7^, we can write: 
(3.11) 



r a 9 lx Ti 1 a 9 12 7T 2 
a 9 2X -Ki a 9 22 ir 2 



a 9 lk Ti k 
a? 2k K k 



L ali^i a 9 k2 n 2 

(tti o a 5 ) afi 
(tt 2 o a fl ) 



• • • a kk n k J 
(tti o a g ) a? 2 
(vr 2 o a g ) a 9 22 



[tti o a fl J a\ k 
(tt 2 o a fl ) af fc 



(n k oa g )a 9 kl (ix k oa g )a 9 k2 ■■■ (7T k o a g ) a 9 kk 
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As a consequence of Equality (13. lip , we observe that for all i,j G 
{!,...,&} we have: 



'.gj Clfj. 



(3.12) afjTTj = (7Tj o a g 

First, let i > mr. Then the equivalence class of 77 j is not in the 
orbit Ei of tp± for a by construction. Hence 77; o a g is not unitarily 
equivalent to 7Ti o a 7 for any 7 6 G. On the other hand, let j < mr. 
The representation ttj is equivalent to tti o for some Z G {1, . . . , m} 
by our choice of indexing. Therefore, 77; o a g and 77j are not unitarily 
equivalent, yet they both are irreducible representations of A. Hence 
by Lemma f 12 . 3 It applied to Equality (13. 12ft we conclude that afj = 0. 
Similarly, 77; and iij o a g are not equivalent so a 9 ^ = as well. 

Hence: 



U 9 



"11 



mrl 



lmr 



I 9 

"mr,mr 

















mr+l,mr+l 



k,mr+l 







a: 



mr+l,k 



'kk 



If we assume that n m = mr < k then for all g G G the unitary 
commutes with the nontrivial projection 0©...©0©l©...©lof'H, 



mr times 



k—rar times 



and so does 77,4. Yet n is irreducible, so this is not possible and thus 
n m = k. Thus E = Ei is an orbit of a single ip G A for a and there is 
no A left in Equality (I3.10p . In particular, the cardinal of E x is m. 
Since by construction 7Tj r+z is unitarily equivalent to 7Ti o a gz for all 



J = 0, . 

Onto Hjr+z 



m — 1 and z 
such that ui 



, r, there exists a unitary Uj r+Z from T-i\ 



(7Tl O OtgJU 



choose u)\ — 1). We define on H = Hi 



jr+z 



71 



(note that we can 
' %k the diagonal unitary: 



UJ, 



Denote by Ad Q is the *-automorphism on the C*-algebra of bounded 
operators on TL defined by T h-> QTQ*. Then up to replacing n by 
Ad Q o n, we can assume that TTj r + z — tti « 9z for all j G {1, . . . , m} 
and z G {1, . . . , r}. Given an irreducible representation 77 of A and any 
nonzero natural integer z we shall denote by z ■ r] the representation 
77 © ... © rj. Thus, if we set 77 = r ■ 77i we see that tta can be written as 



z times 
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in Equality (13. 8 j) with tc o a 5i disjoint from n o a for i, j £ {1, . . . , m} 
and z 7^ j. 

Let again g & G. We now use the same type of argument to show that 
f/^ is a "unitary-permutation shift". Let j £ {0, . . . ,m— 1}. Let g £ 
{1, . . . , m} such that gjg £ fTg^ — by our choice of g±, . . . , y m there is 
a unique such g. Let i £ {0, . . . , m — 1} \ {g} and z,h E {1, . . . , r}. By 
construction, the representation (r • 7r r j_|_/j) o a g is unitarily equivalent 
to r • 7^+^ and disjoint from r • 7r r j+ z - Yet by Equality (13.121) we have 
again that: 

g / \ g 

a ri+z,rj+h K, ri+z — \^rj+h ° Ot g ) 0> ri+z , r j +h - 

Thus 

a ri+z,rj+h — ^ oy Lemma (12.31) since vr r j_|_ 2 and it r j+h ° &g are 
equivalent yet irreducible. Thus, if for all z £ {0, . . . , m — 1} we define 
the Hilbert subspace J z = H zr+ i © ... © Wu+iy of "H then we conclude 
that (Jj) C J7q and "H = j7~o © • • • © J m -i- Moreover, by uniqueness 
of q we also obtain that: 

(3.13) Uf 1 (J q ) C Jj 

and thus t/^ (J}) = ^7^. Define tf" 9 (j) = q. Then a 9 is a surjection 
of the finite set {1, . . . , m} by (13.131) . so a 9 is a permutation. If 5 is 
defined as in Equality (13.91) then, if we set U!j = U^j, then: 



(3.14) (r'faoa g ))U° = U°(r 

and 



t-J 



for all z = 1, . . . , m. 

Since Uu is unitary, so are the operators U%, . . . , U m . In particular, 
Jj and Jq are isometric Hilbert spaces for all j — 0, . . . , m — 1. Note 
that (r • tti) o a 9i acts on J7i_i for 2' = 1, ... ,m by construction. We 
now denote r • ni by 7r and J7" = j7o. 

Now, by construction er 9 (l) = 1 if and only if there exists an operator 
W on Ji © . . . © J" m _i such that = C/f © VF, which is equivalent 
to Uf Tii = (iii o a g ) Uf. By construction, this is possible if and only if 
.</• //• 

Let now h £ H . Hence U^irU^ = ir o ah- If we set ^(a) = ir(a) 
and ty(U ) = U±, we thus define a representation of A x\ a H on J~ Q . Let 
b E A xi a H . Then there exists g £ G 1— > a g such that 6 = J2 g ec a gU g ■ 
Hence n(6) = J2 g eG 7r ^( a fl)^n- Let Q be the projection of "H on j7o. 
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Then: 

QU(b)Q = Y,< a 9)Q U nQ 

geG 

(3.15) = j2 7i ^ u i=^\J2 ahUh )- 

heH \h£H J 

Since II is irreducible, the range of II is WOT dense by the double 
commutant theorem. Hence, since the multiplication on the left and 
right by a fixed operator is WOT continuous, we conclude that QUQ 
is WOT dense in B(QH). Therefore, by Equality ( I3.15|) . we conclude 
by the double commutant Theorem again that \l/ is an irreducible rep- 
resentation of A x Q H. 

Last, note that since tt\ is irreducible, if h, g G H then since: 

V h ~ 1 V 9 ~ 1 V 9h 7f 1 = 7T 1 V h ' 1 V g ~ 1 V 9h 

there exists X g>h G T such that V 9h = \ g , h V 9 V h . Hence g G H ^ V 9 
is a projective representation of H on %i. Note that although the 
unitaries V h are only defined up to a scalar, there is no apparent reason 
why one could choose A to be the trivial cocycle unless the second 
cohomology group of H is trivial. We now note that Jj = J = <C r ®1-Li 
by construction. Now, for all h G H we set Vh = lc r ® V h . Again, 
is a projective representation of H. Moreover, for h G H: 

Ufv* h x = Trl/M- 

Since 7r = r ■ 7i"i, Lemma (I2.3P implies that there exist a unitary e 
M r (C) such that U£v* h = A h ® l Hl . Hence U£ = A h ® Now, for 
h, g E H we have U^Uf = \j\ 9 which implies that: 

(A h (8) V h ) (A g <8> V 9 ) = AftA 9 ® = A ftg ® 

Hence i— > Ah is a unitary projective representation of H on C r with 
cocycle A. Moreover, if T commutes with the range of A then T <g) 1 
commutes with the range of which contradicts the irreducibility 
of Hence A is irreducible. This completes the description of the 
representation ^ . □ 

For generic groups, the representation \I/ of Theorem (13.41) may not 
be minimal, i.e. its restriction to A may be reducible. The simplest way 
to see this is by consider a finite group G admitting a representation A 
on C n for some n G N. Then A extends to an irreducible representation 
n of the crossed-product C M Q G where a is the trivial action. Thus, 
II|c, which decomposes into a direct sum of irreducible representations 
of C, must in fact be the direct sum of n copies of the (unique) identity 
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representation of C. Note that in this case II = using the notations 
of Theorem (13.41) . Thus, for any nGN one can find an example where 
\1/ is irreducible yet not minimal. This situation will be illustrated 
with a much less trivial example in Example (15. 6p where G will be 
permutation group on three elements. However, the representation \1/ 
must be minimal when the group G is chosen to be a finite cyclic group. 
We develop the theory for these groups in the next section. 

Because the representation \1> of Theorem (13.41) is of central interest 
in the decomposition of II, we establish the following criterion for ir- 
reducibility for such representations. Note that the next theorem also 
describes the situation where the commutant of II is a factor. 

Theorem 3.5. Let H be a discrete group. Let ^ be a representation 
of A~x a H on a Hilbert space H, and assume there exists an irreducible 
representation iti of A on a Hilbert space H,\ such that % = C r © "Hi, 
7Ti o ah is equivalent to 7i"i for all h G H and *&(a) = lc <8> 7i(a) for 
all a G A. Then there exist two unitary projective representations A 
and V of H on C r and Hi respectively such that ^{U h ) = A h © V h . 
Moreover, the following are equivalent: 

(1) \& is irreducible, 

(2) The representation A is irreducible. 

Proof. By assumption, for h G H there exists a unitary V h such that 
V h ni (V h ) = ix\o ah and this unitary is unique up to a constant by 
Lemma (I2.3p . From the last section of the proof of Theorem 03. 4p . we 
get that h G H i— )■ V h is a projective representation of H for some 
2-cocycle A and, since 7Ti is irreducible, there exists a projective repre- 
sentation A of if on C r such that ^(U h ) = Ah <8> V h , and moreover if 
\l/ is irreducible then so is A. 

Suppose now A is irreducible. Let T 6 [$ (i xi a H)]' . Since T com- 
mutes with \I> (A) = l C r <g) 7Ti (A), it follows that T = D <g> l Hl for 
some D G M r (C). Now T commutes with ^>{U h ) for all h G i?, so 
D commutes with A 9 for all g £ H. Hence Z) is scalar and \l/ is irre- 
ducible. □ 

We also note that the group H is not a priori a normal subgroup of 
G. It is easy to check that the following two assertions are equivalent: 

(1) H is a normal subgroup of G, 

(2) For all g G G, the unitary is block- diagonal in the decom- 
position H = Jo © . . . © .Tm-i if and only if g G if. 

In particular, when G is Abelian then for g G G we have cr 9 (l) = 1 
if and only if a 9 = Id. 
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We conclude by observing that the representation \1/ involves pro- 
jective representations of H . We now offer an example to illustrate 
this situation and shows that this phenomenon occurs even when G is 
Abelian. We shall see in the next section that finite cyclic groups have 
the remarkable property that such unitary projective representations 
do not occur. 

Example 3.6. Let p, q be two relatively prime integers. Let A = 

exp ^2iir^j . Denote by U q the group of q th roots of unity in C. Let 

a be the action of Z q on C (U ? ) defined by a\{f){z) = f(\z). Then 
the crossed-product A = C(U q ) xi a Z q is isomorphic to M q (C). The 
canonical unitary is identified under this isomorphism with: 



U 



f 





f 



f 





while the generator z G V q i— > z of C (U q ) is mapped to: 

1 



V 



A 



A 9 " 1 



The dual action 7 of the Abelian group G = Z q x Z q on C(U q ) xi a Z q 
can thus be described by: 

(pz \ 1 pz f \ 

2irc — \ U and J ZiZ i(V) = exp ( 2in — J V 

for all (z,z') G G. Now, for (z,z') G G we set A(z,z') = X ZZ> U Z V Z '. 
Note that G is generated by ( = (f,0) and £ = (0, f ) and A(() = U 
while A(£) = V . Since VU = XUV , the map A is a unitary projective 
representation of G on C 2 associated to the group cohomology class of 
exp {ma) where a is defined by: 

°((z, A , (y, y')) = - (zy' - z'y) . 

Moreover, the dual action is of course an inner action, and more pre- 
cisely: 

lzz ,{a) = U z V z 'aV~ z 'U~ z 

= A(z,z')aA(z,z')* . 
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We let A':z,z'gG4 A(z', z). Then an easy computation shows that 
A' is a unitary projective representation of G on C 2 associated to the 
cocycle defined by exp (—ma), and A'(£) = V and A'(£) = U . 

Let B = Axi 7 G. Le£ define the representation iff of B on C 2 £g>C 2 

iff (a) = l(ga ; 
= y®C/, 

First, we observe that: 

#([/ c )#(a)#([/ c )* = 1 ® C/aC/* = *(7 f (a)), 
tf(l/*)tf(a)tf(E^)* = l®VaV* = *(T f (a)). 

Therefore iff is indeed defining a representation of B. Moreover: 

=A'(g)g>A(g) 

/org G Cr. S*mce A' is irreducible, iff is irreducible as well by Theorem 
Ii3. 5\) . Last, the commutant of iff (A) is M2 (C), i.e. i/ie restriction of 
iff to A is the direct sum of two copies of the identity representation of 
A. 

We now turn to the special case of cyclic groups where the represen- 
tation iff of Theorem ( 13. 4ft is always minimal, i.e. its restriction to A is 
always an irreducible representation of A. We shall characterize such 
minimal representations in terms of the fixed point C*-subalgebra A\ 
of A. 

4. Actions of Finite Cyclic Groups 

Let A be a unital C*-algebra and a be a *-automorphism of A of 
period n, for n G N, i.e. a" = Ha- We shall not assume that n is 
the smallest such natural integer, i.e. a may be of an order dividing 
n. The automorphism a naturally generates an action of Z n on A by 
letting a z (a) = a k (a) for all z G Z n and k G Z of class 2 modulo 
n. The crossed-product A x Q Z n will be simply denoted by A x CT Z n , 
and the canonical unitary U 1 G A x CT Z n corresponding to 1 G Z n will 
simply be denoted by U. The C*-algebra A x CT Z n is universal among 
all C*-algebras generated by a copy of A and a unitary u such that 
u n = 1 and uclu* = a (a). 

Theorem (13.41) already provides much information about the struc- 
ture of irreducible representations of A x CT Z n . Yet we shall see it is 
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possible in this case to characterize these representations in terms of 
irreducible representations of A and of the fixed point C*-subalgebra 
Ai of A for a. Of central importance in this characterization are min- 
imal representations of A for a and their relation to irreducible rep- 
resentations of A\. We start this section with the exploration of this 
connection. Next, we propose a full characterization of irreducible rep- 
resentations of A XI a Z n . 

4.1. Minimal Representations. An extreme case of irreducible rep- 
resentation for crossed-products is given by: 

Definition 4.1. Let II be an irreducible representation of Ax\ a G is 
called minimal when its restriction to A is irreducible. Moreover, if -n is 
an irreducible representation of A such that there exists some irreducible 
representation II of A x a G whose restriction to A is n, then we say 
that 7r is minimal for the action a of G. 

Such representations play a central role in the description of irre- 
ducible representations of A y\ a 7L n when a is an automorphism of pe- 
riod n. We propose to characterize them in term of the fixed point 
C*-subalgebra A\ of A. The set Z n of irreducible representations of Z n 
is the Pontryagin dual of Z n which we naturally identify with the group 
U n of n th roots of the unit in C. Let A G U n . Thus k G Z n h-> A n is an 
irreducible representation of Z„ and the spectral subspace A\ of A for 
A is given by {a : <r(a) = Aa}. Indeed, A\ is by definition the range of 
the projection P\ : a E A ^ ^ Ylk=o A~V fc (a) by Equality (13. ip . and 
it is easy to check that P\(a) = a a(a) = Aa from the definition 

of Pa- 



Theorem 4.2. Let a be a *- automorphism of a unital C*-algebra A of 
period n. Let II be an irreducible representation of A Xo-Z n on a Hilbert 
space H, and let tt^ be its restriction to A. Let £ be the spectrum of 
Un := tt(U). Now, S is a subset of\J n ; let us write S = {Ai, . . . , A p } 
and denote the spectral subspace of Un associated to Xj by Hj . With 
the decomposition H, = @ p k= ihLk, we write, for all a £ A: 

■ ■ aip(a) 
a 2p (a) 



(4.1) 



7r A (a) 



an (a J 
a 2 i(a) 



a 12 {a) 



Then for k,j 
and null on © 



. ctpi(a) a p2 (a) ■ ■ 
G {!,..., p} the map 



a., 



is 



a linear map on ^4^.^: 



A^. Moreover, the maps a^k &re irreducible 



representations of the fixed point C*-algebra A\. 
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Furthermore, the following are equivalent: 

• The representation tta of A is irreducible, i.e. U is minimal, 

• The * -representations an,...,a pp are pairwise not unitarily 
equivalent, i.e. for alii ^ j G {l,...,p} the representation 

not equivalent to a,-,-. 

Proof. Since = 1, the spectrum of the unitary Ujj is a subset £ = 
{Ai, . . . , A p } of U n for some p G N. We write H = % x © . . . © H p where 
%i is the spectral subspace of Uu for the eigenvalue Aj for i — 1, . . . ,p, 
Ai 

. Let i,j G {1, . . . ,p} and let be the 

A„ 



so that ?7n 



map defined by Identity fl4.ll) . First, it is immediate that a^- is linear. 
Now, a simple computation shows that: 



Ai 



A 



v -i 



an a 



an (a) 
A 2 Aid;2i(a) 



a pl {a) 

XiX 2 a 12 {a) 
"22(a) 



a lp {a) 



OLpp\CL) 



Ai 



A p Aia p i(a) A p A 2 a P 2(a) 



X 1 Xpa lp (a) 
X 2 X p a 2p (a) 

a pp (a) 



7r(o-(a)). 



Therefore for all i,j G {1, ... ,p} we have that acij(a(a)) = XiXjCtij(a). 
Let a 6 A,, for /i G U„, i.e. a(a) = /ia. Then aij(a(a)) = /ia^-(a). 



Therefore either a,- 



or /i 



AjAj. 



In particular, 

Q^jj IS 3j representation of A\ for all j G {l,...,p}. 
Indeed, if a G Ai then Ojfc(a) = if j 7^ and thus 71^4 (a) is diagonal. 
Since tta is a representation of A, it follows from easy computations 
that otjj are representations of A\. 

Now, since A © At/ © ... © Af/™" 1 = A y\ a Z n , every element of the 
range of II is of the form ©"~q 71^(0^) C/^- for a , . . . , a n _i G A. Now, 

let i G {1, . . . ,p}. We observe that the entry of ®^zItt A{fli)^h in 
the decomposition TL = "Hi © ... © "H p is given by YllZo K a a( a j) = 
a a (Y^Zq K a j^j- Hence, the entries of operators in the range of 
II are exactly given by the operators in the range of an. Now, let T be 
any operator acting on TL. Since II is irreducible, by the Von Neumann 
double commutant Theorem [5j Theorem 1.7.1], T is the limit, in the 
weak operator topology (WOT), of elements in the range of II. In 
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particular, the (i, i) entry of T in the decomposition "H = "Hi © . . . ®% p 
is itself a WOT limit of elements in the range of at„ since the left and 
right multiplications by a fixed operator are WOT continuous [5j p. 
16]. Therefore, the range of an is WOT dense in Thus, by the 
double commutant theorem again, an is irreducible. 

We now turn to characterizing minimal representations. We first 
establish a necessary condition. 

Suppose that there exists i,j G {1, . . . ,p} with i ^ j and a unitary 
u such that uanu* = ajj. In the decomposition "H = "Hi © ... © % pi 
define the block-diagonal unitary 

D 'l = 1 © . . © 1 © u © 1 © . . . © 1 . 

i— 1 times p—i times 

Then by conjugating 7r^ by D l u , we see that we may as well assume 
an = ajj. Yet, this implies that in the WOT-closure of the range of it a, 
every operator has the same (z, i) and entry in the decomposition 
% — Hi © . . . ©"Hp. Hence the range of ha is not WOT-dense and thus 
ir a is reducible, so II is not minimal. 

We now prove that our necessary condition is also sufficient. Assume 
that «n, . . . , a pp are pairwise not unitary equivalent. The claim is that 
ir a is irreducible. 



Let T G (tt(A)) . Decompose T 



Tu • ■ • Ti p 



T T 
. J -pi pp 



with respect 



to the decomposition H = @ p i=1 l-Li. Let i ^ j. First, note that if a G A\ 
then ctij(a) = 0. Second, since T commutes with 7Ta{(i) for a G Ax, we 
have: 

(4.2) an (a) T^ = T^ajj (a) for a <E Ai. 

By Lemma (12.31) . since an and o;^- are irreducible and not unitarily 
equivalent for i ^ j, we conclude that T^- = 0. Moreover, for all 
i G {1, . . . , p} and a G A\ we have (a) Tn = T^an (a). Since an is 
irreducible, we conclude that Tn is a scalar. Therefore, the operator T 
commutes with the operator Uu- Since II is irreducible, we conclude 
that T itself is a scalar. Therefore, tta is an irreducible representation 
of A and thus II is minimal. □ 



Together with Theorem (13. 4p . Theorem (14. 2 j) will allow us to now 
develop further the description of arbitrary irreducible representations 
of crossed-products by finite cyclic groups. It is interesting to look 
at a few very simple examples to get some intuition as to what could 
be a more complete structure theory for irreducible representations of 
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crossed-products by Z n . First of all, one should not expect in gen- 
eral that the spectrum of Uu is a coset of Z n , as the simple action of 



a 



Ad 



e 4 



on M 2 (C) shows. In this case, the identity is the 



only irreducible representation of the crossed-product M 2 (C) x CT Z4 



1, e 4 



is not a coset of Z 4 . Of course, this is an 



M 2 (C) and clearly 
example of a minimal representation. 

In jl], we showed that all irreducible representations of A x CT Z 2 
where regular or minimal. The following example shows that we can 
not expect the same in the general case. 



Example 4.3. Let A 

WNW* © M with W -- 



M 2 (C) 

1 

1 



© M 2 (C) and define a(M © N) 
. Then a 4 = Id A and a 2 (M © N) 



WMW* © WNW*. Now, let m : M x © M 2 G A ^ Af< unto i = 1, 2. Of 
course, it 1,712 are the only two irreducible representations of A up to 
equivalence, and they are not equivalent to each other (since they have 
complementary kernels) . Now, we consider the following representation 
IT of A x CT Z 4 . It acts on C 4 . We set: 



and: 



Uy 



7Tl 







7I 2 



1 

w 



First, observe that II thus defined is irreducible. Indeed, M commutes 

A b 



with tta if and only if M 



c 



with A, fi 6 C and &7r 2 (a) = 7r 1 (a)c 



wzt/i a £ A. Now, M commutes with Uu if and only if A = /i and 
Wb = c. Now, let a £ M 2 (C) be arbitrary; then &7T 2 (a © Wa) = 
7Ti (a © Wa) c i.e. 

bWa = abW. 

Hence bW is scalar. So b = XW . Thus b commutes with W. But 
then for an arbitrary a we have &7r 2 (aW © a) = tt\ (aW © a) bW i. e. 
ba = aWbW = ab sob commutes with M 2 (C) and thus is scalar. Hence 
6 = 0. So M = Al for A G C as needed. 

Moreover, the restriction of IT to A is tx a = tti © ^2- Thus, it a 
is reducible. Now, the fixed point C*-algebra A\ is the C*-algebra 
a b 



M© M : M 



a, b G C > . Thus, A\ has two irreducible 
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representations which are not equivalent: 

b 



and 



■^2 



a 
b 

a 
b 



b 

a 



E Ai h> a + b 



E A\ I-)- a — b. 



We note that for i = 1,2 we have 7Tj restricted to A\ is (p x © tp 2 - 

Now, using the notations of Example f 14 .31) . II is not regular, since 
the restriction of any irreducible regular representation to the fixed 
point algebra A\ is given by the sum of several copies of the same 
irreducible representation of A\. Trivially, II is not minimal either 
since IT^ = 7i"i © tt 2 - However, both 7i"i and 7r 2 are minimal for the 
action of a 2 . Moreover, both tt\ and 712 restricted to A\ are the same 
representation ai©ct:2. We shall see in the next section that this pattern 
is in fact general. 

4.2. Characterization of Irreducible Representations. We now 

present the main result of this paper concerning crossed products by 
finite cyclic groups. In this context, one can go further than Theorem 
(13. 41) to obtain a characterization of irreducible representations of the 
crossed-products in term of the C*-algebras A and A\. The next lemma 
is the sufficient condition for this characterization. 

Lemma 4.4. Let tx\ be an irreducible representation of A acting on a 
Hilbert space J . Assume that there exists a unitary V on J such that 
for some m, k £ {1, . . . , n} with n = mk we have tti o o m = Vti{V* and 
V k = 1, and that m is the smallest such nonzero natural integer, i.e. 
7ii o cr J is not unitarily equivalent to tt\ for j G {2, . . . , m — 1}. Then 
define the following operators on the Hilbert space 7-L - 



in times 



U(U) 



and for all a £ A: 



ir A {a 



1 




V 



7i"i o a(a) 



1 




Til o a 
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Then the unique extension of TI to A x CT Z n is an irreducible represen- 
tation of A xi a TL n . 

Proof. An easy computation shows that II thus defined is a represen- 
tation of A x CT Z n on % = J ® . . .@J y . Write m = iri o a' 1 ' 1 for 

m times 

% = 1, . . . , m. Let T be an operator which commutes with the range of 
II. Then T commutes with -k^ '■= R\a- Writing T in the decomposition 
U = J © ... © J as: 



11 



T 



Since Ttia{o) = ^a{o)T for all a G A, we 
By Lemma f 12 . 3 1) . since 7Tj and 7ij 



Let z, j G {1, . . . , m}. 
conclude that 7ii(a)Tij = Tij7ij(a) 
are irreducible and not unitarily equivalent, we conclude that = 0. 
Moreover, Tu commutes with 7Tj which is irreducible, so we conclude 
that: 

■ Ax 

T = 

for Ai,...,A m G C. Since T commutes with Uu we conclude that 
Ai = Xi for alii G {1, . . . , m}. Hence II is irreducible. □ 



We now are ready to describe in detail the structure of irreducible 
representations of crossed-products by finite cyclic groups in terms of 
irreducible representations of A and A\. 

Theorem 4.5. Let a be a *- automorphism of period n of a unital C*- 
algebra A. Then the following are equivalent: 

(1) LT is an irreducible representation of A 7L n , 

(2) There exists k, m G N with km = n, an irreducible representa- 
tion 7Ti of A on a Hilbert space J and a unitary V on J such 
that V k = 1 and V-Ki (•) V = n 1 o a m (•) such that: 



U(U) 



1 



V 



1 
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and for all a G A: 

7Ti(o) 

11(a) 



7Ti o cr(a) 



_m— 1 / 



7Ti O (J' 

,m — l} the representations 7Ti and 



where for any i G {1, 
7Ti o a 1 are not equivalent. 

Moreover, if (2) holds then the representation ip of A x CT m Z k on J 
defined by ip(a) = 7Ti(a) for a £ A and ip(U) = V is a minimal repre- 
sentation of Ay\ a m7L k . Let r\ be the cardinal of the spectrum ofV. The 
restriction of tti to A\ is therefore the sum of rj irreducible represen- 
tations <p x ,...,tp of Ax which are not pairwise equivalent. Last, the 
restriction of-K\0(j % to A\ is unitarily equivalent to tp x @. . = Ki\Ai 
for all i G {0, . . . , m — 1}. 



Proof. By Lemma (I4.4p . (2) implies (1). We now turn to the proof of 
(1) implies (2). Let II be an irreducible representation of A xi a Z n . By 
Theorem (13. 4p . there exists m G N such that m divides n, an irreducible 
representation tti of A on some space Hi and r G N with r > such 
that, if 7r = r • 7Ti then up to conjugating II by some unitary: 

• For all % = 1, . . . , m — 1 the representation no a 1 is not equivalent 

to 7T, 

• The representation tt o o m is equivalent to tt, 



We have the decomposition H 
the space on which (r • 7r) o o % 
isometrically isomorphic to J ', 
In the decomposition, "H = Jq(£ 
Ui, 



= Jo © ... 6 
acts for i G 



J m -\ where J7"j is 
{0, . . . , m} and is 



)Jm-\ there exists unitaries 



, ?7 m such that: 








Urn 









lh 










m—l 





"Hi for all i G Z„ 



•• 

with (Tti oa)Ui = Ui7c i+ i and Ui : 

Indeed, if G = Z n in Theorem (13.41) then H, as a subgroup of G, is of 
the form (mZ) /nZ with m dividing n, and if we let g% — 0, = 1, . . . , 
p m = m — 1 then we can check that this choice satisfies the hypothesis 
of Theorem (13.41) . With this choice, the permutation a 1 is then easily 
seen to be given by the cycle (12 ... m). 
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We will find it convenient to introduce some notation for the rest 
of the proof. By Theorem (13 .4p . for i e {0, . . . ,m — 1}, after possi- 
bly conjugating II by some unitary, we can decompose Ji as T-L r i+i © 
... © "H r (j + i) , where % r i+j is isometrically isomorphic to "Hi for all 
j G {!,... ,r}, so that the restriction of IIu to the space Ji is written 



7Ti 



7Ti o a 1 in this decomposition. 



V 

r times 



We now show how to conjugate IT by a unitary to simplify its ex- 
pression further. 

If we define the unitary T from T-L — Jo © . . . © J m -\ onto ffi™ J~ m _i 
by: 

77* /7* ... 77* 

/7* ... 77* 



T 



U* 



then the unitary Ad (T) o II (U) of ©™<^m-i i s °f ^he simpler form 

1 •■■ 



(4.3) 



AdToII(tf) 



1 '•■ : 

; : o 

•■■ 1 

V ••• 



for some unitary V of J m -i- Moreover, if we write p l = Ad (U* . . . Ul) o 
7Ti, then: 



AdTo7T A = 



Pl oa 



P X OCT 



i-i 



and p x is by definition an irreducible representation of A unitarily 
equivalent to 7i"i. 

To simplify notations, we shall henceforth drop the notation Ad T 
and simply write II for Ad Toll. In other words, we replace II by Ad To 
II and we shall use the notations introduced to study II henceforth, with 
the understanding that for all j = 0, . . . , m — 1 and k — 1, . . . , r we 
have that ir r j+k = 7Ti o a\ that Jj is an isometric copy of j7o and that 
H = Jo © . . . © Jm-i with Jj = Hrj+i © ••• © % r {j+i) where Tr rj+k acts 
on Tirj+k which is an isometric copy of Hi. Moreover, Uu is given by 
Equality (14.31) for some unitary V of Jo- 

We are left to show that each irreducible subrepresentation of 7Ta is 
of multiplicity one, i.e. r = 1. We recall that we have shown above 
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that H = (mZ) jnL with n = mk and k G N. Using the notations 
of Theorem f)3.4p . the representation \1/ defined by ^{a) = vr(a) for all 
a G A and ^(f/" 1 ) = U is an irreducible representation of A xi a H. Now 
A xi a H is *-isomorphic to A xi^m Z^ by universality of the C*-crossed- 
product, and we now identify these two C*-algebras. The image of 
U m G A x Q H in the crossed-product A x a m Z*, is denoted by -u and 
is the canonical unitary of A x a m Z&. Thus by Theorem ( 13. 4p \I/ is 
an irreducible representation of A x a m Z& which (up to conjugacy) 
acts on the space C r <8> "Hi and is of the form \I/(a) = 1^ <8> 7i"i(a) for 
a e A and = Q(z) <g> W(z) for 2 G Z fe where and W are 

some unitary projective representations of Z^. on C r and "Hi respec- 
tively, with being irreducible. Since Z^ is cyclic, the range of the 
projective representation is contained in the C*-algebra C* (0(1)) 
which is Abelian since 0(1) is a unitary. Hence, since O is irreducible, 
C* (0(1)) is an irreducible Abelian C*-algebra of operators acting on 
C r . Hence r = 1 and J — fii- Moreover, since C/ff = V © . . . © V then 
[/« = V k © . . . © V k = 1 H and thus = ly. Therefore, (2) holds as 
claimed. 

Last, we also observed that Vir\V = ~K\ o o~ fc by construction (since 
= V © . . . © V). Hence by definition, since it\ is irreducible, the 
representation ip of A xi a k Z^ defined by ip{a) = vri(a) for a G A and 
VK^O = U is minimal. Hence, by Theorem (14. 2p . the restriction of 
7Ti to the fixed point C*-algebra At is the direct sum of r\ irreducible 
representations </j 1( . . . , ip n of A\ such that and are not unitar- 
ily equivalent for i 7^ j G {l,...,^}, where 77 is the cardinal of the 
spectrum of V. Moreover, since TTj = 7Ti o cr* it is immediate that 
7Tj restricted to Ai equals to 7Ti restricted to A\. This concludes our 
proof. □ 

Corollary 4.6. Let n 6e an irreducible representation of A Yi a 7j n . The 
following are equivalent: 

(1) Up to unitary equivalence, n is an irreducible regular represen- 
tation of A x CT 7L n , i.e. it is induced by a unique irreducible 
representation it of A and: 

"01 

■■■ 1 

_ 1 _ 

while tca = ®i=Q7r o a 1 and tt o a 1 is not equivalent to n o a'- 1 for 
i,j = 1, . . . , n — 1 with i 7^ j , 
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(2) There exists an irreducible subrepresentation it ofU\A such that 
7i o o % is not equivalent to it for % = 1, . . . , n — 1, 

(3) There exists a unique irreducible representation ip of A\ such 
that IIuj is equivalent ton-ip, 

(4) There is no k G {1, . . . , n — 1} such that the C*-algebra gener- 
ated by H(A) and is reducible. 

Proof. It is a direct application of Theorem (14. 5p . □ 

We thus have concluded that all irreducible representations of crossed 
products by finite cyclic groups have a structure which is a compos- 
ite of the two cases found in jl]. Indeed, such representations cycle 
through a collection of minimal representations, which all share the 
same restriction to the fixed point algebra. The later is a finite sum of 
irreducible mutually disjoint representations of the fixed point algebra. 

Remark 4.7. Let a be an order n automorphism of a unital C*-algebra 
A and let IT be an irreducible representation of A Z. We recall [12] 
that A M(j Z is generated by A and a unitary U such that UaU* = a (a) 
for all a G A and is universal for these commutation relations. We 
denote H(U) by Un and 11(a) by ir(a) for all a G A. Now, note that 
commutes with it since a n = Id a and of course commutes with Un 
so, since U is irreducible, there exists A G T such that = A. Now, 
define Vn = ~pUn for any fi G T such that fi n = A. Then = 1 and 
thus (tt, Vn) is an irreducible representation of A xi a Z n which is then 
fully described by Theorem Iji4.5\ ). 

In the last section of this paper, we give a necessary condition on 
irreducible representations of crossed-products by the group ©3 of per- 
mutations of {1, 2, 3}. This last example illustrates some of the behav- 
ior which distinguish the conclusion of Theorem (13 .4p from the one of 
Theorem (14. 5p . 

5. Application: Crossed-Products by the permutation 

group on {1, 2, 3} 

As an application, we derive the structure of the irreducible rep- 
resentations of crossed-products by the group 63 of permutations of 
{1,2,3}. This group is isomorphic to Z 3 x 7 Z 2 where 7 is defined as 
follows: if 7] and r are the respective images of 1 G Z in the groups Z3 
and Z2 then the action 7 of Z2 on Z3 is given by 7^(77) = rf. Thus in 
Z3 x 7 Z 2 we have ttjt = r] 2 , r 2 = 1 and rf = 1 (using the multiplicative 
notation for the group law). An isomorphism between ©3 and Z3 x 7 Z 2 
is given by sending the transposition (1 2) to r and the 3-cycle (1 2 3) 
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to 77. From now on we shall identify these two groups implicitly using 
this isomorphism. 

Theorem 5.1. Let a be an action of 63 on A. Let II be an irreducible 
representation of Ay\ a &%. We denote byr andrj the permutations (1 2) 
and (1 2 3). The set {t,i]} is a generator set 0/63. We denote by U T 
and U v the canonical unitaries in A xi a @ 3 corresponding respectively 
to r and i]. Then either (up to a unitary conjugation ofYi): 

• IT is minimal, i.e. TI\a is irreducible, 

• There exists an irreducible representation -k\ on Hi of A such 
that H — Hi © Hi with it a = fti © tti ot T . Then II(L r r ) = 

in this decomposition. Observe that 7Ti may or not be 



Moreover, iri andi\ioa T are minimal for 



1, 2 and such 
7Ti o a v 2 . Then 



1 

equivalent to iri o a 
the action ofrj. 

• There exists an irreducible representation 7Ti on Hi of A such 
that iii and tti o a v i are non equivalent for i 
that H — Hi © Hi © Hi with tta — it\ © 7Ti o a v 

"010" 

U(U V ) = 1 in this decomposition. 
10 

• Last, there exists an irreducible representation 1x1 on Hi of A 
such that iri o a a is not equivalent to i\\ for a G @3\ {Id} and 
H = Hf 6 with: 

IT A = 7Ti © TV 1 O a v © IT 1 O a v 2 © 7Ti O Ct T © 7T 1 O (X 1]T © 1X\ O (X r] l T 



and 



U(U V ) 



while 



n(u T ) 



010000 
001000 
100000 
000001 
000100 
000010 

000100 
000010 
000001 
100000 
010000 
001000 



Proof. The C*-algebra A x a 63 is generated by a copy of A and two 
unitaries U T and U v that satisfy U% — — 1, U T U V U T = U% and 
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and U^aU* 



a v (a). Notice 



for all a G A we have U T aU* = a T (a 
that ©3 = Z3 x 7 Z 2 with 7 T (77) = tt]t. So we have A Xq, 63 = 
(A x Qi) Z 3 ) x^ Z 2 where ^:aG A4 a T (a) and 0(U V ) = U TrjT = U?. 
Since A x ai) Z 3 = A + AC/^ + AC/?, the relation between /3 and a v is 
given by: 

(xi + a^t/,, + x 3 L^) = a r (xi) + a r (x3)f/ r? + a T (x 2 )U% 

for all Xi,x 2 and x 3 G A. We now proceed with a careful analysis of (3 
and to describe all irreducible representations of A x a & 3 . 

Let II be an irreducible representation of A x Q @ 3 on some Hilbert 
space Thus II is an irreducible representation of [A x Q)) Z3] x^ Z 2 . 
We now have two cases: either IIm- z 3 is irreducible or it is reducible. 



Case 1: IT, 



^4-^ an 



is irreducible.: Hence IT is minimal for the 



action of Z 2 . This case splits in two cases. 

Case la: 71 a is irreducible: Then II is minimal for the ac- 
tion a of 63 by definition. 

Case lb: is reducible: By Theorem (14. 5p . there exists 
an irreducible representation Hi of A on some Hilbert space 
"Hi such that 7Ti, tti o a v and -n\ o a? are not unitarily 
equivalent, "H = "Hi © "Hi © "Hi and: 



n(cg 





1 




1 




and n (a) 



7Ti(a) 



7Ti o Q^a) 



7Ti o a v 2(a) 



Case 2: is reducible.: From Theorem (14.51) . or alter- 

natively [1], there exists an irreducible representation 71 1 of 
A x a Z 3 such that for all z G A x a Z 3 we have: 



(5.1) 



nfa) 



tti(z) 






TTi o £(2) 



and n (U T ) 




1 



where 7Ti and 7Ti o /3 are not unitarily equivalent. 
This case splits again in two cases: 

Case 2a: h\\a is irreducible: Thus iti is a minimal repre- 
sentation of A » ai) Z 3 . In particular: 



7r^(a) 



7Ti(a) 
ttx o a r (a) 



and n (L^) is a block-diagonal unitary in this decomposi- 
tion. However, we can not conclude that ttiu and 7r 1 | J 4oa T 
are equivalent or non-equivalent. Examples ( 15. 4p and ( 15. 6 p 
illustrate that both possibilities occur. 
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Case 2b: ~k\\a is reducible: Then z 3 is described by 

Theorem (14.51) . Since 3 is prime, only one possibility oc- 
curs: there exists an irreducible representation tt of A such 
that tt o a v and tt o ai are not equivalent and: 

7r(a) 
11(a) = Tr(a v (a)) 

7r(ay(a)) 



and n (U n ) 






1 





1 





n(/3(tfn)) 



Note that: 



1 

1 
1 



Together with (I5.ip . we get that "H splits into the direct 
sum of six copies of the Hilbert space on which tt acts and: 



tt a 



TT 



[a v (a)) 



Tr(a, n 2(a)) 



tt (a r (a)) 



vr(cvO)) 



tt a„2 



V 2 t( 



a)) 



and 



o 1 



oooo 

10 



while 



n(t/ T ) 



o 

1 
1 
1 
1 



1 

1 

1 

1 
1 
1 



Thus II is regular induced by tt, and therefore, as II is irre- 
ducible, tt o (y.fj is not equivalent to tt for any a G 6 3 \{Id} 
by Theorem ()22 
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This concludes our proof. 



□ 



We show that all four possibilities above do occur in a nontrivial 
manner. We use the generators r and 77 as defined in Theorem ( 15. ip . 
Denote by e the identity of {1,2,3}. Notice that r 2 = rf = e and 
ti]t = rf and rrfr = r, while: 

63 = {e,r] } 7] 2 } T } 7]T,r] 2 T} . 

In particular, {1, rj, rf} is a normal subgroup of 63. Now, consider the 
universal C*-algebra of the free group on three generators A = C* (F 3 ) 
and denote by Ui,U 2 and U3 its three canonical unitary generators. 
Then we define the action a of 63 on A by setting a a (Ui) = U a ^ 
for any a G ©3. We now show that this simple example admits in a 
nontrivial way all types of representations described in Theorem (15. ip . 

Example 5.2. There exists a nontrivial irreducible representation it : 
C* (F3) — > M 2 (C) such that tt and 7r o a T are unitarily equivalent, but 
tt and it o a v are not. Indeed, set: 



1 

1 



tt(Z7 2 











tt(U 3 







We check easily that it is an irreducible * -representation. Since 

[tt o a T ) 



1 
-1 



1 
-1 



7T, 



it and it o a T are unitarily equivalent. To see that tt and tt o a v are not 
unitarily equivalent, notice that tt (U-JJ-z — U2U1) = but that: 



tt{U 2 U 3 -U 3 U 2) 



2 
-2 



Example 5.3. There exists a non trivial irreducible representation it : 
C* (F3) — > M 3 (C) such that tt and tt o a T are unitarily equivalent and 
tt and tt o a v are also unitarily equivalent. Let X = exp (|2i7r) . Define 



7r(tfi 

Let V -- 
let W 



A 
A 2 



tt([/ 2 ) 



A 
A 



and tt (U3) 



1 

1 



1 
A 2 



We check that Vtt (Ui) V* = tt (U {i+1)mod3 ) . Th 



en 



tt(U 3 ). Then Wtt (U x ) W* = tt(U 2 ), Wtt(U 2 )W* = tt(Z7i), 
and Wtt (U3) W* = tt(Us). Thus tt is a minimal representation of 
C* (F 3 ) for the action a of 63. 
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Example 5.4. There exists an irreducible representation n : C* (F 3 ) — >■ 
M 3 (C) such that n and noa v are unitarily equivalent, but n and -noa T 
are not: Let A = exp (\^i) and define unitaries T and V by 



T = 



"o 


_4 


3 " 

J 


4 








~i¥ 


2 !e 


.5 


25 


25. 



and V 



1 
A 
A 2 



Define 



7T (UJ = VTV 2 7T (U 2 ) = V 2 TV 7T (U 3 ) = T. 

It is clear that n and -n o a v are unitarily equivalent. We will show 
that n and n o a T are not unitarily equivalent. Suppose on the contrary 
that they are. Then there exists a unitary W such that W = W* = W~ l 
and 

WTW = T, W {VTV 2 ) W = V 2 TV W (V 2 TV) W = VTV 2 . 

From here we conclude that VWV performs the same transformations, 
that is 

(VWV)T(VWV)* = T, 
(VWV) [VTV 2 ] (VWV)* = V 2 TV, 
(VWV) [V 2 TV] (VWV)* = VTV 2 . 

Indeed, 

W (VTV 2 ) W = V 2 TV so 
V [W (VTV 2 ) W] = V [V 2 TV] = TV. 

Then we multiply both sides by V 2 from the right to get 

VWVTV 2 WV 2 = T. 

Since 

(VWV)* = V*W*V* = V 2 WV 2 , 

we get the first equation. Similarly we get the other two. 

Since n is irreducible we conclude that there exists a constant c such 
that 

VWV = cW. 

V has a precise form and when we compute VWV — cW we conclude 
that this equation has a non zero solution iff c = 1, c = A, or c = A 2 . 
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Moreover, the solutions have the form: 





X 












w = 








y 


if c = 


1 







z 











"o 


X 


cf 






w = 


y 








if c = 


A 










z 








"o 





X 






w = 





y 





if c = 


A 2 




z 













for some x,y,c G C. 

Now we easily check that T does not commute with any of the three 
W 's. For example, 






z 



\y ~ \ x 



25; 



12 

25 
4 

"If. 

25' 



25' 



12 

25. 

4 S 

12 ~ 25 ?2 

2 = 0. 



12 

25 



12 

25 



25. 





X 





cf 










y 







z 






C(T 3 ). Define for f G 



25 

This of course implies that x = y 

Example 5.5. This example acts on A 
C(T 3 ) and (z 1 ,z 2 ,z 3 ) G T 3 : 

a v (f) Oi, z 2 , z 3 ) = f O2, z 3 , z{) 

and 

a T (/) (zi, z 2 , z 3 ) = / (z 2 , zi, z 3 ) 

on C(T 3 ). We can build a non trivial irreducible representation tt : 
C (T 3 ) — > C such that it and it o a v are not unitarily equivalent and n 
and noa T are also not unitarily equivalent. Let x = (x\, x 2} x 3 ) G T 3 be 
such that xi 7^ x 2 , x 2 7^ x 3 , and x 3 7^ Xi. Define n(f ) = f(x). Then we 
obtain an irreducible representation of the required type as the regular 
representation induced by tt, using Theorem \2.J$. 



Now, Theorem (13. 4p allowed for the irreducible subrepresentations 
of to have multiplicity greater than one, for irreducible represen- 
tations II of A xi a G. This situation is however prohibited when G is 
finite cyclic by Theorem (14. 5p . We show that finite polycyclic groups 
such as (3 3 can provide examples where YI\a may not be multiplicity 
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free, thus showing again that Theorem (13.41) can not be strengthened 
to the conclusion of Theorem ( 14. 5 p . 

Example 5.6. We shall use the notations of Theorem Ii5.1\) . There 
exists a unital C*-algebra A, an action a of & 3 on A and an irreducible 
representation H : A x a S$ — > B (H® H) such that for all x £ A we 
have: 

(5.2) 11 (x) = x n r f \\ 

for some irreducible representation tt : A — > B {%) such that it and 
7roa T are equivalent. Note that tt is thus minimal for the action of a n . 

Indeed, let us start with any unital C*- algebra A for which there exists 
an action a of & 3 and an irreducible representation U : A X a & 3 — > 
B {H) such that it = is also irreducible, i.e. U is minimal. For 
instance, Example h5.3\) provides such a situation. Let V v = H (U v ) 
and V T = Il(L r T ). Then for all x £ A 



V v tt(x)V* = Tc(a v (x)), 
7t(a v (x)) , 



V V 7T (X) V* 



V* = I, V* = 1 and V T V V V T = V* . 

Let u = exp (\2ui) . Forx eA define U (x) by RTfy : let W v = U (U v ) 
and W T = II (U T ) given by: 



W„ 



~uV v 




"o 


r 


u 2 V^ 


1 






We easily check that: 



w v u (x)w; 



and: 



n {a v (x)) , W T U (x) W* = n (a T (x)) 
(W T f = l,(W T ) 2 



1. 



Moreover, 



W T W V W T 



1 




~uV v 




"0 l" 


1 




u 2 V v 




1 



(V v ) 








because u A = uj. 

We need to prove that II : A xi a S 3 — > B (H 



H) is irreducible. Let 



T 



a 
c d 
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be in the commutant ofU (A x Q S3). For every x G A: 



T 



7rO) 
ir(a T (x)) 



tt(x) 
Ti (a T (x)) 



T. 



Since tt is an irreducible representation of A and tt o a T = V t ttV t by 
construction, we conclude by Lemma Ii2.3\) that a and b are multiple of 
the identity, while c and d are multiples ofV T . Since TW T = W T T we 
conclude that a = d and b = c. This means that 



T-al 





bV T 



bV T 




is in the commutant of the tt (A x Q S3). However, this element must 
commute with W v . This can only happen ifb = 0. This completes the 
proof. 



Thus, using Example (15. 6p . there exists an irreducible representation 
II of C*(F 3 ) x a ©3 such that n|c*(F 3 ) is the sum of two equivalent 
irreducible representations of C*(Ws), a situation which is impossible 
for crossed-product by finite cyclic groups by Theorem (14. 5p . 

In general, repeated applications of Theorem H4.5[) can lead to de- 
tailed descriptions of irreducible representations of crossed-products of 
unital C*-algebra by finite polycyclic groups, based upon the same 
method as we used in Theorem (15. ip . Of course, in these situations 
Theorem (13.41) provides already a detailed necessary condition on such 
representations, and much of the structure can be read from this result. 
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